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ON SOME GEOMETRICAL PROPERTIES
OF SEIFERT BUNDLES

BY
M. NICOLAU AND A. REVENTOS

ABSTRACT

In this paper we use the integration along the leaves introduced by Haefliger in
1980 to obtain a differentiable version of the Gysin sequence and Euler class for
compact Hausdorff orientable foliations with generic leaf the sphere S°. From
this we give a geometrical significance to the vanishing of the Euler class on
Seifert bundles. We also obtain an integral formula on Seifert bundles similar to
the Gauss-Bonnet one.

§1. Introduction

In [3] Haefliger defines for each oriented foliation %, a linear operator £ ¢ (the
integration along the leaves) which has similar properties to those of the
integration over the fibres on fibre bundles.

If % is Hausdorff and compact this operator can be interpreted as a linear map
of degree —p

f, CA*(M)—> A*(M|F)

where A (M/%) denotes the algebra of V-forms on the V-manifold M/%.

In this paper we use the integration along the leaves to obtain a differentiable
version of the Gysin exact sequence and Euler class for compact Hausdorff
orientable foliations with generic leaf the sphere S°.

From this interpretation we obtain the main theorems of this paper.

THEOREM A. Let M be a compact oriented manifold and % an oriented
Hausdorff foliation by circles on M. The following conditions are equivalent:

(i) The Euler class of ¥ is zero.

(i) There exists a Riemannian foliation complementary to ¥ (see Definition 2).
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THEOREM B. Let M be a compact orientable 3-manifold and let ¥ be an
orientable Seifert bundle on M. The following conditions are equivalent:

(i) The first Betti number of M is even.

(it) The Euler class of F is not zero.

(iii) & is a contact foliation (see Definition 3).

(iv) & does not admit any complementary Riemannian foliation.

We also show that the implication (ii) = (iv) is true for an oriented p-
dimensional sphere foliation on an n-dimensional manifold M (see Proposition
3). We give an example of an oriented p-dimensional sphere foliation % with
complementary Riemannian foliation %' such that neither % nor F" are
fibrations.

In the last paragraph, and using also the integration along the leaves, we
obtain an integral formula on Seifert bundles similar to the Gauss-Bonnet one.

We would like to thank our advisor, Professor Joan Girbau, for his help and
encouragement during the preparation of this work.

We are also grateful to the referce for suggesting the current proof of
Proposition 5 which, in the original version of this paper, was proved by using a
metric.

§2. Integration along the leaves and Euler class

2.1. In this paper M will denote an oriented compact connected smooth
manifold of dimension p +gq.

Let & be a codimension q smooth oriented Hausdorff compact foliation on M,
i.e., all leaves of # are compact, smoothly oriented, and the leaf space B = M /%
is Hausdorft.

It is well known (cf. for instance [2]) that & admits the following local
representation:

THEOREM 1. There is a generic leaf L and an open dense subset of M where the
leaves are all diffeomorphic to L. Moreover, given a leaf Lo, there is

(@) a finite subgroup G of O(q),

(b) a free action of G on L, on the right,

(c) an open neighborhood V of L,

(d) a diffeomorphism ¢ : L XgD — V, where D is the unit ball of R®, which
preserves leaves if one takes the foliation on L X D whose leaves are the quotient
of the submanifolds L X {point}.

It follows from this theorem that B is, in a natural way, a V-manifold and that
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the canonical projection 7 : M — B defines a V-fibre space structure over B.
For definitions we refer to [8].

In [3] Haefliger defines, for each oriented p-dimensional foliation & on M, the
integration along the leaves as a linear map

f CAPKM)— AT F)

where ANTr %) denotes the quotient of the vector space of k-forms with
compact support on a submanifold T transversal to every leaf of & by the vector
subspace generated by elements of the form a — h*«a, where h belongs to the
holonomy pseudogroup of ¥ and « is a k-form on T.

In our situation (oriented Hausdorff compact foliations) this operator can be
interpreted as a linear map of degree —p, fs: A*(M)— A*(B), where A*(B)
denotes the algebra of V-forms on B. Moreover, if w is a k-form on M, we can
compute fsw as follows: In each local model L XD the k-form ¢*w can be
regarded as a G-invariant k-form on L X D. The integration of this form along
the fibres in the trivial bundle L X D — D gives us a G-invariant (k — p)-form
on D which we divide by the order of G to get a consistent construction. Now
the canonical structure of V-fibre space of 7w : M — B tells us that the above
construction defines a V-form on the V-manifold B. This V-form is fsw.

Note that if % is a fibration this definition coincides with the usual one.

We list here some properties of this operator we shall use later. All the
statements follow directly from the analogous properties of the integration over
the fibres on fibre bundles.

ProposiTION 1. (a) The integration along the leaves commutes with the exterior
derivative.

(b) LetTbear— V-formon B and w an s-formon M. Then fs(n*t A w)=
A fsw.

(c) With respect to the orientation of B induced by the orientations of M and the
leaves we have [y = [5(f sw) where w is a n-form on M.

2.2. We recall here the definition of a bundle-like metric [S]. Let g be a
Riemannian metric on M. For each flat neighborhood (U, x',- -+, x% y',- - -, y?)
of a foliation & (the foliation in U is given by y® = constant), there are 1-forms
6',--, 0% such that {8',---,8% dy',---,dy} is a basis of the cotangent space
with dual basis (d/dx',---, 3/0x", v, +,v,}, where v, are vector fields or-
thogonal to ¥ by g. We say g is bundle-like with respect to & if in each flat
neighborhood we have
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g =8i(x,y)0'0" + gus (y)dy“dy”.

If & is a compact foliation and there exists a bundle-like metric on M with
respect to %, then ¥ is Hausdorff [5]. Reciprocally, if ¥ is Hausdorff and
compact, one can obtain a bundle-like metric by glueing together, by means of a
partition of unity on M constant on the leaves, bundle-like metrics on the local
models.

Note that a bundle-like metric induces a Riemannian metric invariant by the
holonomy pseudogroup on each submanifold transverse to %, and thus a
Riemannian metric on the V-manifold B.

Let g be a bundle-like metric on M with respect to a foliation %. If on each flat
neighborhood the 1-forms @',- -, 8% are positively ordered, then

n = Vdet(g;)8'n--- 16"

is a global p-form on M. The restriction of n to each leaf L, of % gives the
volume element of L, with respect to the metric induced on L, by g. 7 is called
the volume form associated to g and to the orientation of %.

DEFNITION 1. A bundle-like metric will be called of constant volume if all
regular leaves (leaves with trivial holonomy group) have the same volume.

For such metrics the leaves are minimal (cf. Rummler, Comm. Math. Helv.,
54, 224-239).

With the notation above, g is of constant volume if and only if the function
4 57 is constant.

We obtain such a metric from a bundle-like metric g’ in the following way: Let
1’ be the volume form associated to g'. Then h'= fs7' is a strictly positive
function on B and the desired metric is g = k. g’ where h = (h'o 7)) *?. (Here
£sm=1, where 7 is the volume form associated to g.)

2.3. In this paragraph # will be an oriented sphere foliation, i.e., an oriented
Hausdorff compact foliation with generic leaf the sphere S of dimension p. We
also assume M compact.

The situation being similar to that of sphere bundles, we can give a
difterentiable version of the Euler class and Gysin exact sequence, via the
integration along the leaves.

It follows from paragraph 2.2 that there exists n € A?(M) such that
{sm=1. Thus, for each TEA*(B), we have fs(r*ramn)=r7 and
{s:A"(M)—> A"?(B) is surjective. Let K" denote the kernel of fs. It follows
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from Proposition 1(a) that d(K')C K'™'. Thus we obtain the exact sequence of
differential spaces

0—s K*— A*(M)-5 A*(B)—0.

We denote by & the connecting homomorphism associated to this sequence.
On the other hand, Im 7* C K* and the commutative diagram

A'(B)5 K’

d d

Arol(B) " Krol

induces, for each r, a morphism 7 : H'(B)— H'(K*). (For the construction of
the de Rham cohomology of a V-manifold see [7].)

Now an argument similar to the case of sphere bundles shows that 7” is an
isomorphism (see, for instance, Greub, Halperin and Vanstone, Connections,
Curvature, and Cohomology, Vol. I). From this and the above exact sequence we
get the following proposition.

PROPOSITION 2. If & is an oriented sphere foliation then the sequence (the
Gysin sequence of %)

@ - -
N HV(B)__.)Hr&pxtl(B)__) Hv«p#l(M)i) H“l(B)—)' ..

where 3 = (7%)"' 28 is exact.

Since B is connected H°(B)= R and we can define, as is usual, the Euler class
of the sphere foliation % by xs = 2(1)€ H?"'(B).

REMARKS. (1) The connecting homomorphism & is nothing but the
product by the Euler class xs. Moreover, if ® € A?(M) and 7€ A""'(B) arc
such that fsw=1 and do = #*1, then x5 =[7].

(2) As in the case of sphere bundles, we have that if the Euler class is zero
then H*(M)= H*(B)® H*(S").

We end this paragraph by computing the Euler class in a particular case.

DEFINITION 2. A codimension p foliation %* transverse to & is said to be a
Riemannian foliation complementary to & if there is a Riemannian metric on M
bundle-like both with respect to ¥ and %*.
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Note that if ¥ and %' are Hausdorff compact, then ¥' is a Riemannian
foliation complementary to %.

PROPOSITION 3. Assume the sphere foliation % admits a Riemannian foliation
F* complementary 10 %. Then the Euler class of ¥ is zero.

PrROOF. Let g be a Riemannian metric on M bundle-like with respect to the
two foliations # and #*. Let n be the volume p-form associated to g We can
cover M by local charts (U, x', y*) such that the foliations ¥ and %" are given
focaily by x' = constant and y* = constant, respectively. In such a chart we have

g = gy (x)dx'dx’ + g (y)dy“dy”
and

n = Vdet(g,)dx' A~ adx®

where x',- -+, x? arc ordered positively with respect to the orientation of . We
have dn =0, h = fsm>0 and dh = f 5dn =0, so h is constant, different from
zero, and the morphism 4% : H?(M)— H(B) is surjective. Thus the Euler class
IS Zero.

CoroLLARY 1. If M is a homology n-sphere, then any Seifert sphere foliation
F does not admit any Riemannian foliation complementary to %.

ProoOF. Use Proposition 2 and Remark 2.

REMARK 3. A Riemannian foliation complementary to & is not necessarily a
fibration. Simple examples of this can by obtained from the action of a finite
group on a product of manifolds. Take, for instance, M =S8>""'x T’
(.92""I = {Z =(zy,° ", Zm)ecm; 2Vzz = 1}, T’ = {(Wl, Wo, Ws)e CJ; wiw; =1,
i =1,2,3}). Consider now the actionof G = Z, @ Z, =1{1,a, b,c} on M given by

a(z, w,, wa, wi) = (Z, — wy, Wz, W3),
b(za Wi, Wa, w}) = (_— Za Wi, wZ, w})v
C(Z, Wi, W, wJ) = (_ z_1 — Wy, wZ’ w3)y

where Z = (2, -+, Zn).

This action is free and M = M/G is a manifold. The foliations % and %' on M
whose leaves are respectively S°™~' X {point} and {point} X T" are preserved by
the action of G. So we have foliations ¥ and %" on M. They are transverse
Hausdorff compact foliations and they are not fibrations.

Note that if m is even then M and & are orientable.
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§3. Seifert bundles and Euler class

3.1. In this paragraph % will be a circle Hausdorff foliation, so the leaves of ¥
are the fibres of a Seifert bundle. Our object here is to give some geometrical
significance to the Euler class.

Recall that if & is an oriented circle foliation the following conditions are
equivalent:

(i) & is Hausdorft.

(ii) There is an action p : S' X M — M such that the leaves of Z are the orbits
of p.

(i) There is some Riemannian metric with respect to which the orbits are
totally geodesic submanifolds.

This is proved by Wadsley in [10]. Throughout his paper Wadsley shows that
in this situation there exist a Riemannian metric g and a unit Killing vector field
& such that the trajectories of ¢ coincide with the leaves of %.

Let 6 be the I-form on M given by 8(X)= g(£& X). Then we have the
following result.

ProrosiTioN 4. (a) g is bundle-like with respect 10 %.

(b) g is of constant volume.

(c) There exists T € A*(B) such that d0 = m* 1. In particular, L.§ =0 where L,
is the Lie derivative with respect to &.

Proor. Let (U,x,y") be a flat neighborhood with ¢ =4/dx. Let v, =
3/3y® + b€ be vector fields on U orthogonal to & Then {£ v, } is the dual basis
of {6,dy*} and in this basis we have

g§=0Q 06+ gy (x,y)dy" @ dy”.

An easy computation shows that
d6 = — (0b, [3x)0 A dy* — (dbs [3y” + b.dbs [0x)dy” A dy”.

Hence L = — (db,/éx)dy".

As L,g =0 we obtain b, /dx = 3g.s/3x =0, a,B =1, “q.

Thus, g is bundle-like, L6 =0 and d6 = — (b, /3y )dy” A dy* where
dbg [dy® is independent of x. This proves (a) and (c).

Let Lo be a leaf of & and z0€ L,. Let T denote the g-ball swept out by
geodesics orthogonal to L, at point z, and of length less than a small £ > (). Let
p iR XM — M be the flow of the vector field & Since ¢ is Killing, p, (T) is also a
g-geodesic ball of thc same radious ¢ and centered at w,(z,). In particular,
w(RXT)is a saturated neighborhood of L.
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Set to=inf{t > 0; u, (z0) = zo}. Clearly u(T)= T and u, is a generator of the
cyclic group H(L,) (the holonomy group of L,). Since £ is a unit vector field, the
period and the length of its orbits coincide. Thus the volume of a regular leaf of
% through T is k. t, where k is the order of H(L,). Thus, since the union of all
regular leaves is a connected set, part (b) is proved.

We lose no generality in assuming that the orientation of ¢ is the orientation
of % and that the volume of all regular leaves is 1. In this case fs6=1 and
xs = [7] (cf. Remark 1) and we say that (g, & 6) satisfy the condition C.

3.2. We recall that on a manifold of dimension 2k + 1, a 1-form w is said to be
a contact form if @ A (dw ) # 0 at each point of M. Then there is a unique vector
field Z such that w(Z)=1 and izdw =0.

DEerINITION 3. A circle Hausdorff foliation &% on M, of even codimension, is
said to be a contact foliation if there is a contact form w on M such that its
associated vector field Z is tangent to %.

Concerning the existence of contact foliations we get:
PROPOSITION 5. Let & be a contact foliation. Then ys# 0.

PrOOF. Let w be a contact form with associated vector field Z tangent to %.
The function fsw is constant because izdw =0 implies d fsw = fsdw =0. As
izo =1 we can assume fsw = 1. Since Lrdw =0 we have dw = 7*r and so
xs =[] (cf. Remark 1). Finally ys# 0 because w is a contact form.

We now prove the reciprocal of Proposition 3.

THEOREM 2. Let M be a compact oriented manifold and ¥ an oriented
Hausdorff foliation by circles on M. The following conditions are equivalent:

@) xs=0.

(ii) There exists a Riemannian foliation complementary to %.

PrOOF. Let (g ¢ 0) be a triple satisfying the condition C and let 7 € A*(B)
represent xs with d6 = o*7.

Assume yxs =0. Then, there exists y € A'(B) such that 1 =dy. Set §'=
6 — 7*v. Since 0'(§) = 6(£)=1and do’ =0, 6’ defines a foliation F* transverse
to & and of codimension 1. Let g be the Riemannian metric on B induced by g.
The Riemannian metric g’ = 8'® 6’ + 7 *§ is then bundle-like with respect to %.

Let (U, x, y*) be a flat neighborhood of % with ¢ = 3/dx. In these coordinates
we have &' = dx + c.dy® and L8’ = £(c,)dy”. On the other hand, L.68' =0 and
so £(c.)=0.
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Next consider a second coordinate neighborhood (U’, x', y'*) flat both with
respect to ¥ and . We may assume y'® = y°. Then 4/dx’ = (dx/dx")¢ and
a/ay’™™ = d/dy* +(dx/dy’* )& As 6'(9/3dy"®) =0 we have 3x/dy’™ = — c,. Hence
a/dy'™ (9x/ox")= (dx/dx"). £(— c.)=0. It follows that g', whose expression in
(U',x',y"™) is given by

g =(9x/dx'Vdx' Qdx'+ w*§,

is bundle-like with respect to ' and so %* is a Riecmannian foliation
complementary to %.

Finally, we consider the case where dim M =3. Recall that in this case an
orientable circle foliation is automatically Hausdorff [1].

THeOREM 3. Let M be a compact orientable 3-manifold and let ¥ be a circle
orientable foliation on M. The following conditions are equivalent:

(i) b\(M) (the first Betti number of M) is even.

(i) xs#0.

(iii) & is a contact foliation.

(iv) & does not admit any Riemannian complementary.

Proor. The V-manifold B is locally of the form D/G where D is the unit
ball in R and G is a finite subgroup of SO(2). Since D/G is homeomorphic to D,
B is an orientable compact 2-dimensional topological manifold (without bound-
ary) and so b,(B) is zero or even. If ys =0, H*(M)= H*(B)® H*(S') (cf.
Remark 2), and hence b,(M)=b,(B)+1 is odd. This proves (i) > (ii).

Consider the Gysin exact sequence

0— H'(B)=> H'M)-5 H'(B)=R—> H (B)—> - - -

If xs#0 then @ is a monomorphism and #* an isomorphism. Hence b,(M) is
zero or even. This proves (ii) = (i).

Since (ii) < (iv) and (iii) = (ii) are true for arbitrary dimension of M (cf.
Proposition 5 and Theorem 2 above) it remains only to prove (ii) = (iii).

Let (g,£ 6) be a tern satisfying the condition C with d = 7*r, 1 € A¥(B),
and xs =[7]#0. Since B is orientable there exists a 2— V-form 8 on B such
that B# 0 at each point. Hence [8]#0 and so there is r ER, r# 0 such that
rlBl=[r].

Setw =0+ 7*y where dy =rB — 7. Then w(¢)= 6(£)=1and dw = rz*B. It
follows that w is a contact form. Moreover iidw = r. iim*B =0, so that £ is the
vector field associated to w. This proves (i) > (iii).
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RemaRk 4. Since S is simply connected, any foliation on S is orientable.
Thus, each circle foliation on S’ is a contact foliation.

REMARK 5. Let dimM =3 and b.(M) odd. Then M does not admit an
almost regular contact form in the sense of C. B. Thomas [9], i.e., a contact form
such that all trajectories of the associated vector field are closed.

§4. An integral formula

4.1. Let & be a Seifert bundle and let (g, £ 8) be as in Proposition 4. Let [(£)
denote the volume of regular leaves of #%. Recall that g induces a Riemannian
metric § on the V-manifold B such that g = 0 Q 6 + w*g. Our aim here is to
study the relation between the curvatures of the Riemannian connections of g
and g

Let (U, x, y*) be a flat neighborhood such that U = V X W where V and W
are open sets of R and R respectively; W is a uniformizing open set of the
V-manifold B and g is defined on W.

There exists a basis of 1-forms {¢', -+, ¢} on W such that § =2.¢" Q ¢°.
Let (ws) and (Qd) denote the corresponding matrices of connection and
curvature forms. Let 7y : U— W be the canonical projection and set 6° =6,
0 =m(¢”). Then {6, 8", -, 87} is an orthonormal basis of 1-forms on U that
we assume positively oriented. On the other hand, it follows from Proposition 4
that d@’ can be written as follows:

dﬂo = W?/(Aap‘pa A (Pﬂ), Aﬂp = - A&,

Applying now the same arguments of Kobayashi in (4] we obtain the following
expressions for the connection forms (¢;) and for the curvature forms (¥;) of g
on U (i,j=0,1,---,q):

¥ =0,
Po=—yo=~ D Ab°,
[<]

U5= mh(w")— Awb”;
Vi =0,

Vi=—Wi= - A,,A,0° A 0" =D A,,.0° A0,
a.f 8.y

Vo= m5Q8) — D (AupAys + AiyAps )87 A 0° =D Aup 87 A 6%
v.8 y

where 27/4(,5;7@7 = dAag - 27A55w5+ E.IA,B(I):.
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4.2. With the notation as in the above paragraph, if ¢ = 2k, the Gauss-Bonnet
integrand on W can be written as

- b (1] [¢3
0. =4ﬁ(‘_1_L[ 2 elan, aq)ay A A Ll
(ayag)

2kl

ReMARK 6. Since the forms wj and () arc not, in general, invariant under
the action of the holonomy group they are not V-forms on the open set of B
corresponding to W. Nevertheless, if we cover M by flat neighborhoods
U=V x W as above, the family {{lw} defines a V-form Q€ A“(B) (cf. [7]).
Then 78(Qw)=m* 0| U

LEMMA 1. Let the notation be as above. Then
Lj Q) A0 =xv(B)
e Iu ™ X
where x(B) is the Euler characteristic of B as V-manifold.
ProoF. We have (cf. [8])
f Q= x.(B).
B

Hence

J, o= (f m@no) - [ an(f o)=tenm)

We finally consider the case where dim M = 3. Let n be the volume element
and let R be the curvaturc tensor. Then n = 8" 6' A 87 and we have

PROPOSITION 6. Lef dim M =3. Then

| L _
ST ), KE+3K @M =0 B)

where K(£') means the sectional curvature of the plane orthogonal 10 ¢ and K (§)
means the sectional curvature of any plane containing &.

PROOF. It follows from §4.1 that the local expression of w*{1 A 8 in a flat
neighborhood U =V X W is

75 Qw) A 8" = —_71]; TH2O) A 8" = —% (Vi—3(An)8' A 81 0"

Hence the integral formuta of Lemma 1 can be written
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_1 2 2nl 2 0 __
mﬁw (‘I’|"‘3(A|2) 0 I} )/\ (7] -‘Xv(B)

Let & X,, X, be the dual basis of 6°, 8', 8°. We have
R (gv le §, XZ) = g(R (gv XI)XH §) = \y‘l'(g’ X') = (Alz)z’
R (§, X, ¢ Xz) = g(R (§, Xz)Xz, §) = Wg(é Xz) = (AIZ)Z’
R (& X2, & X)) = g(R (£ X)X, £) = Wi(£ X)) =0.
Thus, if Z=AX,+ uX, with A>+ u?=1, then R(§, Z, ¢ Z)=(A,,), whence
(A.,) is the sectional curvature K (&) of any plane containing £
On the other hand, ViAn68'=R:1,6°A6'A8°=—Ri,8°A8"'A6°. But
R (qu X, X, Xz) = g(R (Xl, Xz)Xz, Xl) = w;(Xl, Xz) = - ‘P‘%(XI, Xz) = - R%lz =

Riy. It follows that ¥ia 8°= —K(£)8" A 0" A 6°.
This result is a generalization of theorem 2 in [6].
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