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ON SOME GEOMETRICAL PROPERTIES 
OF SEIFERT BUNDLES 

BY 

M. NICOLAU AND A. REVENTOS 

ABSTRACT 

In this paper we use the integration along the leaves introduced by Haefliger in 
1980 to obtain a differentiable version of the Gysin sequence and Euler class for 
compact Hausdorff orientable foliations with generic leaf the sphere S p. From 
this we give a geometrical significance to the vanishing of the Euler class on 
Seifert bundles. We also obtain an integral formula on Seifert bundles similar to 
the Gauss-Bonnet one. 

w Introduction 

In [3] Haefliger defines for  each or iented foliation ~ ,  a linear ope ra to r  f ~  (the 

integration along the leaves) which has similar propert ies  to those of the 

integrat ion over  the fibres on fibre bundles.  

If ~ is Hausdorff  and compact  this ope ra to r  can be interpreted as a linear map 

of degree - p  

~ :A*(M)-- -~A*(M/~)  

where A (M /~ )  denotes  the algebra of V-forms on the V-manifo ld  M/~ .  
In this paper  we use the integrat ion along the leaves to obtain a dit terentiable 

version of the Gysin exact sequence and Euler  class for compact  Hausdorff  

or ientable  foliations with generic leaf the sphere S p. 
From this interpretat ion we obtain  the main theorems of this paper.  

THEOREM A. Let M be a compact oriented manifold and ~ an oriented 

Hausdorff foliation by circles on M. The following conditions are equivalent: 
(i) The Euler class of ~ is zero. 

(ii) There exists a Riemannian foliation complementary to ~ (see Definit ion 2). 
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THEOREM B. Let M be a compact orientable 3-manifold and let ~ be an 

orientable Seifert bundle on M. The following conditions are equivalent: 

(i) The first Betti number of M is even. 

(ii) The Euler class of ~ is not zero. 

(iii) ,~ is a contact foliation (see Definition 3). 

(iv) ,,~ does not admit any complementary Riemannian foliation. 

We also show that the implication (ii):ff (iv) is true for an oriented p- 

dimensional sphere foliation on an n-dimensional manifold M (see Proposition 

3). We give an example of an oriented p-dimensional sphere foliation ~ with 

complementary Riemannian foliation ~1 such that neither ~ nor ~ l  are 

fibrations. 
In the last paragraph, and using also the integration along the leaves, we 

obtain an integral formula on Seifert bundles similar to the Gauss-Bonnet one. 

We would like to thank our advisor, Professor Joan Girbau, for his help and 

encouragement during the preparation of this work. 

We are also grateful to the referee for suggesting the current proof of 

Proposition 5 which, in the original version of this paper, was proved by using a 

metric. 

w Integration along the leaves and Euler class 

2.1. In this paper M will denote an oriented compact connected smooth 

manifold of dimension p + q. 
Let ~ be a codimension q smooth oriented Hausdorff compact foliation on M, 

i.e., all leaves of ~ are compact, smoothly oriented, and the leaf space B = M / ~  

is Hausdorff. 
It is well known (cf. for instance [2]) that ~ admits the following local 

representation: 

THEOREM 1. There is a generic leaf L and an open dense subset of M where the 

leaves are all diffeomorphic to L. Moreover, given a leaf Lo, there is 

(a) a finite subgroup G of O(q), 

(b) a free action of G on L, on the right, 

(c) an open neighborhood V of Lo, 

(d) a diffeomorphism cb : L •  V, where D is the unit ball of R q, which 

preserves leaves if one takes the foliation on L x o D  whose leaves are the quotient 

of the submanifolds L • {point}. 

It follows from this theorem that B is, in a natural way, a V-manifold and that 
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the canonical projection 7r : M ~ B defines a V-fibre space structure over B. 

For definitions we refer to [8]. 

In [3] Haefliger defines, for each oriented p-dimensional foliation o~ on M, the 

integration along the leaves as a linear map 

s : A~'k(M)--~ A ~ ( T r ~ )  

where A~(Tr ~ )  denotes the quotient of the vector space of k-forms with 

compact support on a submanifold T transversal to every leaf of ~ by the vector 

subspace generated by elements of the form a - h ' a ,  where h belongs to the 

holonomy pseudogroup of ~ and a is a k-form on T. 

In our situation (oriented Hausdortt  compact foliations) this operator  can be 

interpreted as a linear map of degree - p ,  z/~, :A  * ( M ) ~  A *(B), where A *(B) 

denotes the algebra of V-forms on B. Moreover,  if to is a k-form on M, we can 

compute f~,to as follows: In each local model L •  the k-form ~*to can be 

regarded as a G-invariant k-form on L x D. The integration of this form along 

the fibres in the trivial bundle L x D ~ D gives us a G-invariant (k - p ) - f o r m  

on D which we divide by the order  of G to get a consistent construction. Now 

the canonical structure of V-fibre space of ~r : M ~  B tells us that the above 

construction defines a V-form on the V-manifold B. This V-form is zfs, to. 

Note that if ~ is a fibration this definition coincides with the usual one. 

We list here some properties of this operator  we shall use later. All the 

statements follow directly from the analogous properties of the integration over 

the fibres on fibre bundles. 

PROPOSITION 1. (a) The integration along the leaves commutes with the exterior 

derivative. 

(b) Let r be a r - V-form on B and w an s-[orm on M. Then ~ ,  (Tr*~" ̂  to) = 

T A JZ~ to. 

(c) With respect to the orientation o[ B induced by the orientations of M and the 

leaves we have fMto = ft~ (/J'~,to) where to is a n-[orm on M. 

2.2. We recall here the definition of a bundle-like metric [5]. Let g be a 

Riemannian metric on M. For each fiat neighborhood (U, x ~, . . . ,  x p, y ' , . . - ,  yq) 

of a foliation ~ (the foliation in U is given by y~ = constant), there are 1-forms 

0~, . .  ., 0 p such that {0~, . - . ,  0 p,dy~, . .  . ,dy  q} is a basis of the cotangent space 

with dual basis (O/Ox~, . . . , o /ox" , v~ , . . . , vq} ,  where v~ are vector fields or- 

thogonal to .~ by g. We say g is bundle-like with respect to ~: if in each fiat 

neighborhood we have 
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g : g~l (x, y)0 '0 j + g~, (y)dy~ ~. 

If ~ is a compact foliation and there exists a bundle-like metric on M with 

respect to ~, then ~ is Hausdorff [5]. Reciprocally, if o ~ is Hausdorff and 

compact, one can obtain a bundle-like metric by glueing together, by means of a 

partition of unity on M constant on the leaves, bundle-like metrics on the local 

models. 

Note that a bundle-like metric induces a Riemannian metric invariant by the 

holonomy pseudogroup on each submanifoid transverse to ,~, and thus a 

Riemannian metric on the V-manifold B. 

Let g be a bundle-like metric on M with respect to a foliation ~. If on each flat 

neighborhood the 1-forms 0 ' , . . . ,  0 p are positively ordered, then 

n : dX/-d~-et(g,j)0' A . . .  A 0 p 

is a global p-form on M. The restriction of ~1 to each leaf Lo of .~ gives the 

volume element of Lo with respect to the metric induced on L,, by g. -q is called 

the volume form associated to g and to the orientation of .~. 

DEFINITION 1. A bundle-like metric will be called of constant volume if all 

regular leaves (leaves with trivial holonomy group) have the same volume. 

For such metrics the leaves are minimal (cf. Rummler, Comm. Math. Heir. ,  
54, 224-239). 

With the notation above, g is of constant volume if and only if the function 

J ' ,  ~ is constant. 

We obtain such a metric from a bundle-like metric g' in the following way: Let 

7/' be the volume form associated to g'. Then h' = ~ '  is a strictly positive 

function on B and the desired metric is g = h. g' where h = (h'o zr) -2/~. (Here 

J ' , ' r / = l ,  where 7/ is the volume form associated to g.) 

2.3. In this paragraph ~ will be an oriented sphere foliation, i.e., an oriented 

Hausdortt  compact foliation with generic leaf the sphere S of dimension p. We 

also assume M compact. 

The situation being similar to that of sphere bundles, we can give a 

differentiable version of the Euler class and Gysin exact sequence, via the 

integration along the leaves. 

It follows from paragraph 2.2 that there exists ~ @AP(M) such that 

/ ~ - r / = l .  Thus, for each r ~ A * ( B ) ,  we have j ' ~ ( z r * z A - q ) = z ,  and 

f ~  : A '(M)--> A ' -P (B)  is surjective. Let K r denote the kernel of ~ .  It follows 
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from Proposition l(a) that d(K')C K ''~. Thus we obtain the exact sequence of 

differential spaces 

0 , K *  , A * ( M )  S~A, (B)_ _ ,0 .  

We denote by 6 the connecting homomorphism associated to this sequence. 

On the other hand, Im 7r* C K* and the commutative diagram 

r r  �9 

A ' ( B )  ~ K" 

A~"(B)  " ' ,  K ' "  

induces, for each r, a morphism 7r, ~ : H ' ( B ) ~  Hr(K*). (For the construction of 

the de Rham cohomology of a V-manifold see [7].) 

Now an argument similar to the case of sphere bundles shows that rr" is an 

isomorphism (see, for instance, Greub,  Halperin and Vanstone, Connections, 
Curvature, and Cohomology, Vol. I). From this and the above exact scquencc we 

get the following proposition. 

PROPOSITION 2. If ,~ is an oriented sphere foliation then the sequence (the 

Gysin sequence of ~)  

�9 .. , H'(B)---* H'~P+t(B) ---~ H""+'(M) --~ H " t ( B )  , - - -  

where @ = (rr~) -~o 6 is exact. 

Since B is connected H~  and we can define, as is usual, the Euler class 

of the sphere foliation ,~ by X.~' = ~ ( 1 ) E  HP*~(B). 

REMARKS. (1) The connecting homomorphism ~ is nothing but the 

product by the Euler class g~. Moreover, if to ~ AP(M) and ~-E A"+'(B) arc 

such that ,J'~o~ =1 and d~o = 7r*~-, then X~, = [~']- 

(2) As in the case of sphere bundles, we have that if the Euler class is zero 

then H * ( M ) ~  H * ( B ) Q  H*(SP). 

We end this paragraph by computing the Euler class in a particular case. 

DEFINITION 2. A codimension p foliation ,~'~ transvcrse to ~ is said to be a 

Riemannian foliation complementary to ,~ if there is a Riemannian metric on M 

bundle-like both with respect to f f  and 5 a~. 
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Note that if f f  and ~ l  are Hausdorff  compact,  then ~ '  is a Riemannian 

foliation complementary  to ~. 

PROPOSITION 3. A s s u m e  the sphere foliation ,~ admits  a R i e m a n n i a n  foliation 

�9 ~ complementary  to ,~. Then the Euler  class of  ~ is zero. 

PROOF. Let g be a Riemannian metric on M bundle-like with respect to the 

two foliations ~ and ,~l. Let r/ be the volume p-form associated to g. We can 

cover M by local charts (U, x ~, y " ) s u c h  that the foliations ~ and ,~ '  are given 

locally by x ' = constant and y" = constant, respectively. In such a chart we have 

g = gi / (x)dx 'dx j + g~  ( y ) d y ~ d y  ~ 

and 

77 = dk/-d~et(g,j)dx j ^ . . .  ^ dx p 

where x ' , . . . ,  x p are ordered positively with respect to the orientation of ~. We 

have d r / = 0 ,  h = / f . ~ r / > 0  and dh =/ f~ ,dr /=0 ,  so h is constant, different from 

zero, and the morphism/j '~"  H"(M) - ->  H " ( B )  is surjective. Thus the Euler class 

is zero. 

COROLLARY 1. If M is a homology n-sphere, then any  Seifert sphere foliation 

�9 ~ does not admi t  any  R i e m a n n i a n  foliation complementary  to ~.  

PROOF. Use Proposition 2 and Remark  2. 

REMARK 3. A Riemannian foliation complementary  to ~ is not necessarily a 

fibration. Simple examples of this can by obtained from the action of a finite 

group on a product of manifolds. Take,  for instance, )~'/= $2" Ix  T 3 

( S  2rn ' l  ~--- {Z : (Z l ,  ~ ~ ", Zm)  ~ U r n ;  ~ ' 1  Z'Zi : l} ,  T 3 = {(w,, w2, w3) E C' ;  wig,, = 1, 

i = 1,2, 3}). Consider now the action of G = Z2 @ Z2 = {1, a, b, c} o n / ~  given by 

a(z, w .  w2, w 3 ) =  (~. - w,, w2, w3), 

b(z,  Wl, w2, w,) = ( -  z, w,, w2, w3), 

c ( z ,  w , ,  w2, w~) = ( -  ~, - w , ,  ~,~, ~,) ,  

where ,5 = (i , ,"  �9 fm). 

This action is free and M = 1(4/G is a manifold. The foliations ~ and : ~  on 

whose leaves are respectively S 2'~-' x {point} and {point} x T 3 are preserved by 

the action of G. So we have foliations ~= and o ~ l  on M. They are transverse 

Hausdorff  compact  foliations and they are not fibrations. 

Note that if m is even then M and .~ are orientable. 
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w Seifert bundles and Euler class 

3.1. In this paragraph o ~ will be a circle Hausdorff foliation, so the leaves of ,~ 

are the fibres of a Seifert bundle. Our object here is to give some geometrical 

significance to the Euler class. 

Recall that if ,~ is an oriented circle foliation the folk)wing conditions are 

equivalent: 

(i) ,~ is Hausdorff. 

(ii) There is an action p : S ~ • M --~ M such that the leaves of 5 ~ are the orbits 

of p. 

(iii) There is some Riemannian metric with respect to which the orbits are 

totally geodesic submanifolds. 

This is proved by Wadsley in [10]. Throughout  his paper Wadsley shows that 

in this situation there exist a Riemannian metric g and a unit Killing vector field 

~: such that the trajectories of ~ coincide with the leaves of ,~. 

Let 0 be the l-form on M given by 0 ( X ) - - g ( ~ , X ) .  Then we have the 

following result. 

PROPOSITION 4. (a) g is bundle- l ike  with respect to ~. 

(b) g is of  constant volume. 

(c) There exists r ~ A 2(B ) such that dO = 1r* r. In particular, L~O = 0 where L~ 

is the Lie derivative with respect to ~. 

PROOF. Let (U ,x ,y  ~) be a flat neighborhood with ~ = a / g x .  Let v~= 

a /0y ~ + b~j be vector fields on U orthogonal to ~:. Then {~, v~} is the dual basis 

of {0, dy ~ and in this basis we have 

g = 0 (~ 0 + g~ (x, y )dy"  ~ dy ~. 

An easy computation shows that 

dO = - (Ob~/cgx)O A dy ~ - (cgb~/cgy ~ + b~Ob,/c)x)dy" A dy ~. 

Hence L~O = - (8b~/Ox)dyL 

As Leg = 0 we obtain cgb~/Ox = Og, o/cgx = O, a, ~ = 1,. �9 q. 

Thus, g is bundle-like, L~O = 0  and dO = - ( c ) b ~ / O y ~ ) d y ~  dy ~ where 

Obt~/Oy ~ is independent of x. This proves (a) and (c). 

Let Lo be a leaf of .~ and ZoE Lo. Let T denote the q-ball swept out by 

geodesics orthogonal to Lo at point zo and of length less than a small e > 0. Let 

/z : R x M--* M be the flow of the vector field ~r Since ~: is Killing, ~, (T) is also a 

q-geodesic ball of the same radious e and centered at ,u,(zo). In particular, 

(R x T)  is a saturated neighborhood of Lo. 
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Set to = inf{t > 0;/z, (Zo) = Zo}. Clearly/z~(T) = T and tz~, is a generator  of the 

cyclic group H(Lo) (the holonomy group of L,,). Since s c is a unit vector field, the 

period and the length of its orbits coincide. Thus the volume of a regular leaf of 

,~ through T is k. to where k is the order of H(Lo). Thus, since the union of all 

regular leaves is a connected set, part (b) is proved. 

We lose no generality in assuming that the orientation of ~: is the orientation 

of ~- and that the volume of all regular leaves is 1. In this case f ~ 0 =  1 and 

X* = [~'] (cf. Remark  1) and we say that (g, ~, 0) satisfy the condition C. 

3.2. We recall that on a manifold of dimension 2k + 1, a 1-form to is said to be 

a contact form if to A (dto)k # 0 at each point of M. Then there is a unique vector 

field Z such that t o ( Z ) =  1 and izdto = O. 

DEFINITION 3. A circle Hausdorft  foliation ~ on M, of even codimension, is 

said to be a contact foliation if there is a contact form to on M such that its 

associated vector field Z is tangent to ft. 

Concerning the existence of contact foliations we get: 

PROPOSITION 5. Let ~ be a contact foliation. Then X ~  O. 

PROOF. Let to be a contact form with associated vector field Z tangent to ~. 

The function jr to is constant because izdto = 0 implies d f ,  to = 3 ' ,d to  =0. As 

izto = 1 we can assume ,,J'~to = 1. Since Lzdto = 0 we have dto = 7r*r and so 

X~' = [r]  (cf. Remark  1). Finally X* ~ 0 because to is a contact form. 

We now prove the reciprocal of Proposition 3. 

THEOREM 2. Let M be a compact oriented manifold and ,~ an oriented 

Hausdorff foliation by circles on M. The following conditions are equivalent: 

(i)  x~, = 0.  

(ii) There exists a Riemannian foliation complementary to ,~. 

PROOF. Let (g, ~, 0) be a triple satisfying the condition C and let ~- E A2(B) 

represent  X~ with dO = r r. 

Assume g~, = 0 .  Then, there exists T E A ' ( B )  such that z =dT.  Set 0 ' =  

0 - ~'*y. Since 0'(~) = 0(~:) = 1 and dO' = 0, 0' defines a foliation f f l  transverse 

to ~ and of codimension 1. Let ~ be the Riemannian metric on B induced by g. 

The Riemannian metric g '  = 0 ' Q  0 ' +  7r*~ is then bundle-like with respect to ~. 

Let  (U, x, y~) be a flat neighborhood of ~ with ~: = O/Ox. In these coordinates 

we have O' = dx + c~dy ~ and LeO' = ~(co)dy '~. On the other hand, LeO' = 0 and 

s o  ~:(Co) = 0.  
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Next consider a second coordinate neighborhood (U',  x' ,  y '~  fiat both with 

respect to o~ and ,~• We may assume y'~ = yL Then a/Ox'= (ax/Ox')~ and 

9 /ay"  = 9/9y ~ + (ax/ay'~ As 0'(,9/9y '~) = 0 we have ax/dy '~ = -Ca. Hence 

a/dy '~ (ax/Ox') = (9x/ax').  ~ ( -  c~) = 0. It follows that g', whose expression in 

( U', x', y'~ ) is given by 

g' = (cgx/Ox')2dx' (~ dx' + rr* ~,, 

is bundle-like with respect to ,~1 and so ~ l  is a Riemannian foliation 

complementary to ~0. 

Finally, we consider the case where dim M = 3. Recall that in this case an 

orientable circle foliation is automatically Hausdorff [1]. 

THEOREM 3. Let M be a compact orientable 3-manifold and let ,,~ be a circle 

orientable foliation on M. The following conditions are equivalent: 

(i) b~(M) (the first Betti number of M)  is even. 

(ii) X ~  0. 
(iii) ~ is a contact foliation. 

(iv) .~ does not admit any Riemannian complementary. 

PROOf. The V-manifold B is locally of the form D / G  where D is the unit 

ball in R-" and G is a finite subgroup of SO(2). Since D / G  is homeomorphic  to D, 

B is an orientable compact 2-dimensional topological manifold (without bound- 

ary) and so b,(B) is zero or even. If X.* =0 ,  H * ( M ) ~ H * ( B ) ~ H * ( S ' )  (cf. 

Remark 2), and hence b,(M) = b , (B)+ l is odd. This proves (i) => (ii). 

Consider the Gysin exact sequence 

0 , H  (B) - - -~H ' (M)  % H " ( B ) ~ R  ,H2(B)  , . . .  

If X~, -4 0 then ~ is a monomorphism and rr* an isomorphism. Hence b~(M) is 

zero or even. This proves (ii) =), (i). 

Since (ii) ~ (iv) and (iii) =), (ii) are true for arbitrary dimension of M (cf. 

Proposition 5 and Theorem 2 above) it remains only to prove (ii) =), (iii). 

Let (g,ss 0) be a tern satisfying the condition C with dO = ~r*r, r E A 2 ( B ) ,  

and X~ = [r] ~ 0. Since B is orientable there exists a 2 - V-form/3 on B such 

that f l~O at each point. Hence [ / 3 ]~0  and so there is r E R ,  r ~ 0  such that 

r[/31= [r 
Set o) = 0 + rr*y where d T =  r/3 - z. Then o)(~) = 0(s c) = 1 and do) = rrr*/3. It 

follows that o) is a contact form. Moreover  ir = r. iw*/3 = 0, so that ~ is the 

vector field associated to o). This proves (ii) =), (iii). 
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REMARK 4. Since S" is simply connected, any foliation on S 3 is orientable. 

Thus, each circle foliation on S 3 is a contact foliation. 

REMARK 5. Let dim M = 3 and b t ( M )  odd. Then M does not admit an 

almost regular contact form in the sense of C. B. Thomas  [9], i.e., a contact form 

such that all trajectories of the associated vector field are closed. 

w An integral formula 

4.1. Let o ~ be a Seifert bundle and let (g, s c, 0) be as in Proposition 4. Let 1(s 

denote the volume of regular leaves of 5~. Recall that g induces a Riemannian 

metric ~ on the V-manifold B such that g = 0 @ 0 + 7r*g. Our  aim here is to 

study the relation between the curvatures of the Riemannian connections of g 

and ~. 

Let (U,x, y")  be a fiat neighborhood such that U = V • W where V and W 

are open sets of R and R q respectively; W is a uniformizing open set of the 

V-manifold B and ~ is defined on W. 

There exists a basis of l-forms t~0~, . . . , ~ q }  on W such that ~ = E . q r  @~0 ~ 

Let (to;) and (lI~) denote the corresponding matrices of connection and 

curvature forms. Let 7to : U--* W be the canonical projection and set 0 ~  0, 

0 ~ = rr ~.(q~=). Then {0, 0 ' , - - - ,  0 q } is an or thonormal  basis of 1-forms on U that 

we assume positively oriented. On the other hand, it follows from Proposition 4 

that dO" can be written as follows: 

dO ~ = �9 ,, ~" ~j(A,,~q~ ^ ~ ~ ), A~,~ = - A ~ , .  

Applying now the same arguments of Kobayashi in [4] we obtain the following 

expressions for the connection forms (tp~) and for the curvature forms (~i) of g 

on U (i ,]  =O, 1 , - . ' , q ) :  { ~,=0, 
O~=-O ~  ~o A"~ 

Oo = ~r~(o~ ) -  A.oO~ 

_ A o~ �9 g - - q Z : - - E A ~ r A , o O  - E  , ,;8 ^ 0 " ,  

a _ _  * a . .~ "y 6 
qZ a - 7 r u ( l ] o ) -  ~'~ (A=oA,~ A = , A ~ ) O  ^ 0 - 2 A, . , ; ,O" ^ 0~ 

"r.8 2t 

where Y,A=0:,~0" = d A . ,  - Y..,A,,oto; + E~ ,A , , t o ; .  
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4.2. With the notat ion as in the above  paragraph ,  if q = 2k, the G a u s s - B o n n e t  

in tegrand on W can be wri t ten as 

_- l)  ~ 
~-~- 2!kk!Tr k E e ( m , ' ' ' , a o ) l Z ~ f A ' ' ' A ~ l : : - , .  

( a  I , ' "  .~q ) 

REMARK 6. Since the forms to; and f t ;  are not, in general ,  invariant  under  

the action of the ho lonomy  group  they are not V- forms  on the open  set of B 

cor responding  to W. Never the less ,  if we cover  M by flat ne ighborhoods  

U = V x  W as above,  the family { ( ~ }  defines a V-form ( I E A " ( B )  (cf. [7]). 

Then rr~',(fiw) = rr*(~ I U. 

LEMMA I Let the notation be as above. Then 

l(s~ ) ~r*(f i )  A 0 = x , , ( B )  

where xv(B is the Euler characteristic of B as V-manifold. 

PROOf. We have (cf. 18]) 

~, (1 = x~(B). 

Hence 

We finally consider  the case where  dim M = 3. Let r/ be the vo lume e lement  

and let R be the curvature  tensor.  Then  r/ = 0" ^ 0'  ^ 0-" and we have 

PROPOSmON 6. Let dim M = 3. Then 

'i  J, 2rff(s~ ( K ( ~ ) +  3K(~C))rl = g,, (B)  

where K (~ )  means the sectional curvature of the plane orthogonal to ~ and K (~ ) 
means the sectional curvature of any plane containing ~. 

PROOf. It folk)ws f rom w that the local express ion of rr*l-I A 0 in a flat 

ne ighborhood  U = V x W is 

rr~*,(l)w)A0"-- I 7r*,(21~)A0"--  1 (~2_3(A,2)20, AO~)^O,,. 
4rr 2~" 

Hence  the integral formula  of L e m m a  I can be wri t ten 
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2~-~-sc ) (*~ - 3(A ,2)20 ' ^ 02) ^ 0" = Xv (B) .  

Let ~:, X~, X2 be the dual basis of 0 ~ 0', 02 . We have 

n (~, X,, ~, X~) = g(R (~, X,)X, ,  ~) = ~",'(r X , )  = ( a  ,~)~, 

R (~, X2, ~, X2) = g ( R  (~, X2)X2,  r = W~(~c, X2) = (A,2) 2, 

R (~:, X2, ~, X,) = g(R  (~, X2)X,, ~) = ~ ( ~ ,  X2) = O. 

Thus, if Z = a X l + l Z X 2  with )t2 + / z  2=  1, then R ( [ , Z , ~ , Z ) =  (A,2)", whence 

(At2) 2 is the sectional curvature K(~)  of any plane containing ~:. 
On the other hand, ~ ^ O"= R[~20 ~ ̂  O' ^ 0"- = - R[2tO ~ ̂  0 t ^ 0 2. But 

R (X , ,  X2, X , ,  X2) = g ( R  (X , ,  X2)X2, X , )  = * ~ ( X , ,  X2) = - q l ] (X , ,  X2) = - R~,2 = 

R~2,. It follows that ~ ^ 0 "=  - K ( ~ •  ~ A O' A 0 2 . 

This result is a generalization of theorem 2 in [61. 
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